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Abstract 

In this paper, we develop a basic theory of Orlicz affine and geoininimal surface areas for convex 
and s-concave functions. We prove some basic properties for these newly introduced functional 
affine invariants and establish related functional affine isoperimetric inequalities as well as functional 
Santalo type inequalities. 
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1 Introduction 

The definition of Orlicz addition by Gardner, Hug and Weil m and Xi, Jin and Leng |33j brings new 
impulses to the rapidly developing Orlicz-Brunn-Minkowski theory for convex bodies. In fact, Orlicz 
addition makes it possible to establish the Orlicz-Brunn-Minkowski inequality, develop Orlicz mixed 
volume, and prove the Orlicz-Minkowski inequality for the Orlicz mixed volume. However, the first 
steps in this theory were actually the Orlicz affine isoperimetric inequalities for Orlicz centroid bodies 
and Orlicz projection bodies by Lutwak, Yang, and Zhang [231 [24]. An affine isoperimetric inequality 
in the Orlicz-Brunn-Minkowski theory provides upper and/or lower bounds, in terms of volume, for 
functionals defined on convex bodies which are invariant under all volume preserving linear transforms; 
and it would be ideal if these functionals attain their maximum or minimum at (and only at) ellipsoids. It 
is convenient and natural to call affine isoperimetric inequalities in the Orlicz-Brunn-Minkowski theory 
as Orlicz affine isoperimetric inequalities, just like the Lp affine isoperimetric inequalities in the Lp- 
Brunn-Minkowski theory. Another example of Orlicz affine isoperimetric inequalities is the one by the 
second author [36|, which provides bounds for Orlicz affine and geominimal surface areas, that is, under 
certain conditions, Orlicz affine and geominimal surface areas attain their maximum (or minimum) at 
and only at ellipsoids. 

Developing and extending affine surface areas has been a central goal in convex geometry for decades. 
The following are the major steps. The first major step was due to Blaschke [6], who defined the classical 
Li affine surface area. Then, Lutwak [22] introduced Lp affine surface areas for p > 1. Based on some 
beautiful integral formulas for Lp affine surface areas (which essentially involve Gauss curvature and 

‘Keywords: affine isoperimetric inequalities, affine surface area, functional inequality, geometrization of probability, 
geominimal surface area, Lp affine surface area, Lp-Brunn-Minkowski theory, Lp geominimal surface area, Orlicz-Brunn- 
Minkowski theory, Orlicz-Minkowski inequality, the Blaschke-Santalo inequality. 
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the support function), Schiitt and Werner [3T] proposed a further extension of Lp affine surface area to 
—n 7 ^ p G R. Later, Ludwig and Reitzner [2T] and Ludwig m introduced the general affine surface 
areas for non-homogeneous functions. Note that the above affine surface areas are not continuous with 
respect to the Hausdorff metric. However, the classical Li geominimal surface area, which is closely 
related to the classical Li affine surface area, was proved to be continuous with respect to the Hausdorff 
metric and to be a bridge between several different type of geometries (see Petty m for more details). 
Since there are no convenient integral formulas for Lp geominimal surface areas for p > 1, for the 
definition of the Lp geominimal surface area for —n 7 ^ p G R, a different approach from those used 
in [SniEIlEI] is needed; and that was proposed in [37] (actually, such an approach was motivated by 
Lutwak’s definition of the Lp geominimal surface area for p > 1 [22| and the work [M] by Xiao). In fact, 
the approach in [37] also provides alternative definitions for the Lp affine surface areas for —n 7 ^ p G R. 
This opens the door to develop Orlicz affine and geominimal surface areas [36] , as well as their duals for 
star bodies [38] (based on the dual Orlicz mixed volume in [16]) and their mixed counterparts involving 
multiple convex bodies [MIEH]. See e.g., [SO] [22l|28l [32[ [35[ IMIET] for affine isoperimetric inequalities 
related to affine and geominimal surface areas. 

The geometry of log-concave functions aims to study the geometric properties of log-concave func¬ 
tions, in a manner similar to the geometry of convex bodies (also known as convex geometry or the 
Brunn-Minkowski theory of convex bodies). In fact, there is a “dictionary” between these two theories, 
for instance, integral translates to volume, log-concave functions to convex bodies, the Gaussian func- 
_JMli 

tion e 2 to the unit Euclidean ball, polar duals of log-concave functions to polars of convex bodies, 
and the integral product to the Mahler volume product. The geometry of log-concave functions ex¬ 
tends fundamental notions and results in convex geometry nontrivially to their functional counterparts. 
Moreover, it usually provides much more powerful tools and far-reaching results than its geometric coun¬ 
terpart (indeed, every convex body can be associated with a log-concave function). See, e.g., Klartag 
and Milman m and Milman |26j for more detailed motivation and references. 

An important functional affine isoperimetric inequality is the functional Blaschke-Santalo inequality 
PE]da Eg ds], which is essential for the isoperimetric inequalities for Lp affine surface areas of log- 
concave and s-concave functions [inidDdi]. In their seminal paper [3], Artstein-Avidan, Klartag, Schiitt 
and Werner provided a definition of Li affine surface area for s-concave functions and established related 
functional affine isoperimetric inequality. In particular, a functional affine isoperimetric inequality for 
log-concave functions was given and can be viewed as an inverse logarithmic Sobolev inequality for 
entropy. These inequalities further imply a version of the reverse Poincare inequality [3]. The main 
purpose of this paper is to develop a theory of Orlicz affine and geominimal surface areas for convex 
functions (hence also for log-concave functions) as well as their related functional affine isoperimetric 
inequalities. The results in this paper bring more items into the above mentioned “dictionary” and 
hopefully will provide powerful tools for many related fields, such as, analysis, (convex) geometry, and 
information theory. 

This paper is organized as follows. In Section [JJ we give a new formula for a general functional Lp 
affine surface area for convex functions. Then, we generalize this idea and introduce the general Orlicz 
affine and geominimal surface areas for convex functions. We prove that these new concepts are SL±{n)- 
invariant. We also prove some inequalities for these notions, such as functional affine isoperimetric 
inequalities, and generalizations of functional Blaschke-Santalo and inverse Santalo inequalities. In 
Section [g we propose the definition of Orlicz affine and geominimal surface areas for s-concave functions 
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and prove corresponding functional inequalities, e.g., functional affine isoperimetric and Santalo type 
inequalities. In Section [H we will briefly discuss results for multiple convex functions. 


2 The general Orlicz affine and geominimal surface areas for convex 
functions 

Let (M”, II • II) be the Euclidean space with || • || the Euclidean norm of M” induced by the usual inner 
product (•,•). Let C be the set of all convex functions ip : M"' —)■ MU {+ 00 }. Throughout this paper, the 
interior of the convex domain of "0 G C is always assumed to be nonempty. Denote by V'* the classical 
Legendre transform of "0, that is, 


= sup ((x, y) - V'(x)). (1) 

Clearly, ^/’(x) + '4!*{y) > (x,y) for all x,y G M”. Equality holds if and only if x is in the domain of if} 
and y is in the subdifferential of ijj at x: for almost all x in the domain of V' G C, 

V’*(VV’(x)) = (x,V'i/’(x)) 

where denotes the gradient of Rademacher’s theorem (e.g., 0) asserts that V'0 exists almost 
everywhere. For ■0 G C, V^'0 denotes the Hessian matrix of '0 in the sense of Alexandrov, and it exists 
almost everywhere by a theorem of Alexandrov [T] and Busemann-Feller [9]. Let 

= |x G M” : il:{x) < 00 , and exists and is invertiblej. 

For more background on convex functions, please see [25 | 12 ^ IHH]. 

Denote by f° the polar dual of the function / : M” ^ [0, 00 ), which has the form: 

-log/” = (-log/)*. 

A function / : M” —>■ [0, 00 ) is log-concave if log/ is concave on the support of /. Note that f° is 
always a log-concave function no matter whether / is log-concave or not. A log-concave function / is 
often written as / = e~^ with ip ^ C, and clearly f° = e~^ . Moreover, (/°)° = / if / is an upper 
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semi-continuous log-concave function. The function 'jn = e 2 serves as the “unit Euclidean ball” of 
log-concave functions as (7n)° = 7n, and its integral over M” is equal to (\/^)”. 

Throughout the paper, we always assume that the functions we consider, such as Fi, F 2 : M —)> (0, 00 ) 
and G C, have enough smoothness and integrability to guarantee the integrals or other expression 
well-defined. For instance, we will need the following integrals to be hnite 

0< / Fi{ip{x)) dx < 00 and 0< / F 2 {'ip*{y))dy < 00 . 

'J X^p J 
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2.1 A new formula for a general Lp afRne surface area for convex functions 

The following general Lp affine surface area for convex functions was proposed in |10j . 

Definition 1. For measurable functions Ti, i <2 : M ^ (0, oo), —n ^ p gM, and G C, define 

aSp,Fi,F 2 i'fi) = f {F 2 {{x,V'iIj{x)) - fi{x)) dx. (2) 

J X.-if, 


Remark. Note that aSp^Fi,F 2 (') is called the general Lp affine surface area because the above definition is 
just the definition of the functional Lp affine surface area for log-concave functions if Fi{t) = F 2 {t) = e“*. 
Hence, functions Fi and F 2 act like parameters and provide the power to include much wider class of 
functions than the log-concave functions. 

Denote by the set of all positive Lebesgue integrable functions defined on X^*. That is, g G 
if g{y) > 0 for all y G X^* and 0 < I{g,'tf!*) < 00 with 

9 {y)dy=f g{X'ilj{x))detX^'if{x)dx, (3) 

^ X^* X-ii2 

where the second equality follows from Corollary 4.3 and Proposition A.l in [25]. In particular. 


I{F2ofi*,fi*) 


f {y))dy 

Jx,,,, 


tx. 


>X. 


F 2 {'if>* {Xif{x)))detX'^fi{x)dx 


F 2 {{x,X'iIj{x)) — V'(x))detV^V'(x)dx. 


We often need I{Fi o Fi{'if{x)) dx. 

For measurable functions Fi, F 2 : M —>■ (0, 00 ), let 



F2{{x,X^P{x)) - ^p{x)) 
g(Xijj{x)) 


pin 

Fi{fi{x)) dx. 


(4) 


The following theorem gives a new formula for the above general functional Lp affine surface area. 
Theorem 1. Let fi he a strictly convex function. For p > 0, one has 


«'Sp,Fi,F2('0) 


( n p 

inf \Vp^Fi,F2{fi,9)"+^ I{g,fi*)^+p 


while for —n fi p < 0, the above formula holds with 


“ inf ” replaced by “ sup 


Proof. We only prove the desired result for p G (0, 00 ). The result for —n fi p < 0 follows along the 
same lines and for p = 0 holds trivially. 
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As is a strictly convex function, then detV‘^'ip{x) > 0 on and Vip : —)■ X^* is smooth 

and bijective. Consider the following function 

n 

go(VV^(x)) = [F 2 {{x,V'iI;{x)) -for x e 


detV‘^ilj{x] 


By formulas ([2]), ([3]) and (jl|), one can check 


n p n p 

aSp,FuF 2 W= [Vp,FuF2i^^9o)]"+^ I{9o,iJ*)"+P > inf 9)]"+^ I{9,i^*)"+^ ■ 




On the other hand, Holder’s inequality implies that for all g G 

'F2{{x,Xijj{x)) -V’(x))\" 


aSp^Fi,F2{'^) = 


IX,I 


Fiitpix)) 


p. n 
n+p 


g{X'tp{x)) 

r n ^ p 

Taking the infimum over all g G Xj*, one gets, for p G (0, oo). 


0'Sp,Fi,F2(V’) < inf [Hp,Fi,F2(V’,5)]"+P-?'(5',V’*)"+0 
and hence the desired result holds. 


((7(VT/’(x))det V^?/^(x)) "+r dx 


(5) 


□ 


Remark. Let y = Vip{x), then 'ip{x) + 'ip*{y) = {x,y), x = V'ijj*{y) and V^'0(x)V^'0*(y) = Id (the 
identity matrix on M”). These lead to the explicit expression of go: 

9o{y) = [Fi{{y,V'4>*{y)) -'ip*{y)) ■ F 2 {'ip*{y))^ • det V^V’*(y)] 

2.2 The general Orlicz afRne and geominimal surface areas for convex functions 

Let h : (0, oo) —)• (0,oo) be a continuous function and V' £ C. 

Definition 2. For measurable functions Fi,F 2 : M — >■ (0,oo) and g G Xj*, define the Orliez mixed 
integral of and g with respect to Fi and F 2 by 


Vh,Fi,F2ifi’,9) = hi 
dx- V 


g{Vfi{x)) 


F 2 {{x,Vfi{x)) -fi{x)) 


Fi{fi{x)) dx. 


When h{t) = t p/”, one recovers formula ([1]). Moreover, if 51 = r • {F 2 o if*) for some constant r > 0, 

yh,Fi,F2{ili,F ■ {F2 o -0*)) = h{T) ■ I{Fi o ( 6 ) 

Denote by GL[n) the set of all invertible linear maps on M"'. For T G GL[n), we use det(T) or detT 
for the determinant of T. Let SL±(n) denote the subset of GL{n) which contains all T G GL{n) such 
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that det(T) = ztl. The inverse of T is written by T ^ and the transpose of T is written as T*. For 
convenience, the inverse of T* is denoted by T“h 

For T G SL±{n) and g G by formula ([T]), one has, 

= sup ((x,y) - (V’or)(x)) = sup ((Tx,T"‘y) - V’(Tx)) 
xeR" xeR" 

= r{T-^y) = {roT-^){y). 

Hence, y G if only if ?/ G T^{X^*), which follows from the general fact 

v2(v^ o T){x) = r*(vV(rx))r 

for T G GL{n). This implies goT~^ G if <7 G Moreover, by |det(r“*)| = 1 and by y = 

formula Q implies 

= f 9 {y)dy=[ g{T~h)dz 

= [ {goT-*){z)dz = l{goT-\{^l:oTr). ( 7 ) 

Moreover, we can prove that the above defined Orlicz mixed integral is S'Lj-(n)-invariant. 

Lemma 1. Let Fi,F 2 ,'ijj and g be as in Definition\^ Then, for all T G SL±{n), one has, 

^h,Fi,F2{'^ °T,go T~^) = Vh^Fi,F2{'^^9)- 


Proof. Let T G SL±{n). Recall that X{ijj o T){x) = T^X'4>{Tx), which implies x G if and only if 

Tx G X.fp. Hence, by letting y = Tx, one has. 


yh,Fi,F2{i’°T,goT ) = 


h 


IX, 


{goT-%V{^foT){x)) 


,F2((x,V(V^or)(x))-(V^oT)(x)) 

gmiTx)) 


Fi{{'if o r)(x)) dx 


h 


xF2{{x,TiVi;{Tx))-f;{Tx)) 

g{X'ip{y)) 


Fi{'ip{Tx)) dx 


ivv, ^ V^ 2 ((y, VV’C?/)) -fiiy)) 

= f4,Fi,F2(^jS')- 


F'iiii{y))dy 


□ 


The following function classes were defined in [36] and will play fundamental roles in this paper. Let 

$ = {h : h is either a constant or a strictly convex function}; 

T = {h : h is either a constant or an increasing strictly concave function}. 

Throughout this paper, refers to the subset of which contains all log-concave functions. Note 
that log-concave functions are analogous to convex bodies in geometry; and hence is used to define 
the general Orlicz geominimal surface area of convex functions (although if or Fi o if or F 2 o if* may 
not be log-concave). Motivated by Theorem (H the general Orlicz affine and geominimal surface areas 
of ^|J could be defined as follows. 


6 





Definition 3. For h £ the general Orlicz affine surface area of if £C is defined by 


aSh^FuF2i'>P) = inf <! Vh,Fr,F2 { V', 




{V^r • g 


and the general Orlicz geominimal surface area of ip £ C is defined by 


= ^mf^ \Vh,F,,F2{ A 


{V^y 


I{g,ip*) 


When h£ CLsyy^^p^{ip) and Gffyy^p^{ip) are defined as above but with “inf” replaced by “sup’ 


Remark. The above definitions could be extended to more general cases with and C^* replaced by 
any subset of ; and the properties would be similar to those for asy^P^p^ {iP) and Gy^ypy^ (ip) which 
are the most important cases. In fact, one can let I{g,ip*) = (\/^)"' in Definition [Sj for instance, if 
h£^, 

asyFuFiW = inf {yh,FuF2i'ip,9) ■ 9 ^ with I{g,ip*) = (\/^)"} • 

It can be also easily checked that asy^yp^ip) < Gy^yp^ip) for /i G and asyypyyip) > Gy^yp^ip) 
for /i G T. Moreover, asy^yp^ip) = Gy^Pfi^ip) = I ’iFi o ip, ip) if h{t) = 1. 

If Fi{t) = F2{t) = e“* and -0 is a convex function, then / = Fioip = e~'^ and F201P* = = f° (the 

polar dual of /) are log-concave functions. Therefore, one can define the Orlicz affine surface area of the 
log-concave function / = e~‘^ by asy^^'^^{f) = asy^fpp ^_t{ip)■ This serves as a non-homogeneous exten¬ 
sion of the Lp affine surface area of log-concave functions [TOldT]. Similarly, Q<^i'>’^^(f) = Gy^fpp^_t{ip) 
defines the Orlicz geominimal surface area of /, which is new to the literature. 

The following theorem states that the general Orlicz affine and geominimal surface areas of ip are 
S'L±(n)-invariant. 


Theorem 2. Let ip £ C. For T £ SL±{n) and /i G $ U T, one has 


In particular, as 


asy!ffiM^poT) = asy^ypyiP) and Gy^y^y. 
f^^^if) andGy^^^^if) are SL±{n)-invariant. 


{iPoT) = G 


orlicz 

h^F\,F2 


W- 


Proof. We only prove the case for asy^Pfiyip) and the case for Gy^py^ip) follows along the same lines. 
The desired result follows from Lemma [H formula ([7]) and the remark after Definition [3l for /i G $, 

= inf ^h,FpF 2 i.'y-, 9 ) ■■ 9 with I{g,ip*) = (v^)”| 

= inf l^Vh,Fi,F 2 {y ° T, g o T~y : 5 G with I{g,ip*) = 

= inf {Vh,FpF 2 {y °T,go T“*) : g o T”* G with l(go T"*, (ip o T)*) = (VF)'^] 

= asy^,:F2{^oT). 

Replacing “inf” by “sup”, one gets the S'L±(n)-invariance of asy^yp^ip) for /i G T. □ 
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Let c > 0 be a constant and F : M —)• (0, oo) be a measurable function. For convenience, let 



It can be checked that 


I{F,c)=c-^-I{F,l). 


( 8 ) 


j . , ^ 2||.||2 V ,. . ^ 2 II .||2 V 

The following corollary provides the precise values of and G^^^p\py —with 

constants a,b > 0. When a = 6 = 1 and F{t) = e“*, one gets 

O C) = O C) = C-" • h{c-^) • 

_JMf. 

where ( 7 ^ o c){x) = jnicx) for x € M” and 7 „(x) = e 2 . Note that 'Jn — 'In, and hence 7 ^ serves as 
the “Euclidean unit ball” in the geometry of log-concave functions. 


Corollary 1. Let a,b,c > 0 be constants and E : M — >■ (0, 00 ) be a measurable function such that 
0 < /(E, 1 ) < 00 . Then, for h G <I> U T, 


as 


orlicz 

h,aF,bF 



= a ■ I (E, c) • h 


iVFr \ 

c^^-b- I{F, c) J 


The same 


formula holds for Gff^fp\p{ ^ ) if the function E(U-) 


is log-concave. 


Proof. We only prove the case /i G $ and the proof for the case /i G ik follows along the same line. Note 

that 7 r^ 2||.||2 = M”, and Applying Jensen’s inequality to 

2 

the convex function h, one has, for all g : M"' ^ ( 0 , 00 ) with g{y) dy > 0 , 


VhaF.bF 


o 2 || ||2 


g) = a- l{F,c) ■ h 


Sic^x) \F(«) 


. 6 .F(£M); I(F,c) 
> a.I{F,c)-k(^l^^L0^dx 


dx 


This leads to, for h G 
.211 || 2 , 


orlicz 
^^h,aF,bF 


= inf |I 4 ,aF,bF 
> a ■ I (E, c) • h 


,2|l Il2 


gf): <7 is a positive function on M” and / g{y) dy = 


{VFy 


^c 2 ^- 6 -l(E,c), 

On the other hand, by formulas ([ 6 ]) and ([ 8 j), and Definitions [2] and [3l one can check 


orlicz 

0-Sh,aF,bF 


.,211 ||2 


<Vh. 


aF,bF 


C 2||.||2 (V^)-.E(II^) 
2 ’ /(E,c-i) 


= a ■ I (E, c) • h 




(2n . 1) . J (,) J ’ 


(9) 



























and the desired result follows. 

. 2|| ||2. . II ||2. 

The proof for follows along the same lines. The additional assumption that 

is log-concave is needed to obtain inequality ([9|). □ 


2.3 Inequalities 


In this subsection, we prove some inequalities for the general Orlicz affine and geominimal surface areas 
of convex functions. Hereafter, we always assume that 


/(Ti og (0, oo) and /(F 2 o ■(/;*, r/;*) g (0, oo). 

In particular, when Fi[t) = F 2 {t) = e“*, we assume that 

-^(/) = o G (0,oo) and /(/°) =/(e"* o V’*, S (0, 00 ), 

where / = e~'^ and f° = e~'^* are log-concave functions. 

The following proposition is needed in order to prove some inequalities for the general Orlicz affine 
and geominimal surface areas of convex functions. 

Proposition 1. Let ip £ C. Then, for h £ 




and if in addition F 2 o 'ip* is log-concave, 


{V^y 


In particular, for /i g and f = e~^, 


asf^^^if) < Gr“(/) < /(/) • h 


orlicz ( 


nn 


The above inequalities hold for h g 'h with “< ” replaced by “> ’ 


Proof. Formula ([U]) and Definition [3] imply that for /i g <I>, 






I{F2 o Ip*, Ip* 


oip* ,ip*) 

while for /i g T, similar inequality holds with “<” replaced by “>”. 

The desired result for (ip) follows along the same lines if in addition F 20 ip* g 


□ 


For measurable functions Fi, F 2 : ^ (0, 00 ), define the decreasing function .F : M —>■ (0, 00 ) by 

F{t) = sup v^Fi(ti)F 2 (t 2 ). 

2 
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It can be checked that F = Fi = F 2 ’\i Fi = F 2 is a log-concave and decreasing function. Let 




dx. 


For 2 : G M” and for 'll; £ C, let ipzix) = + z) and V'z = (i’z)*- It was proved in [TO] (as a direct 

consequence of the functional Blaschke-Sant aid inequality caiiHi) that there exists zq G M” such that 

I{F,o^p,^p).I{F2 0^p:„rz,)< 

Let Co be the set of convex functions in C with zo = 0. Therefore, for all ijj £ Co, one has 

I{F^oi;,^j;).I{F2or,r) < (10) 

If in addition F is strictly decreasing and I{Fi o '0,-0) ^0 (or /(F 2 o 7 ^ 0), equality holds in 

inequality (fTO|) if and only if there exist b G (0, 00 ), a G M and a positive definite matrix A such that 
for every x G M” and t > 0, 

= {Ax,x) + a, Fi{t + a) = bF{t) and bF 2 {t — a) = F{t). (11) 

In particular, for log-concave function / = e~'^, inequality (|in|) becomes the classical functional Blaschke- 
Santalo inequality |2l[5l[l3l[l8|: 

/(/)-/(r)<(27r)-, 

with equality if and only if there exist a G M and a positive definite matrix A such that 

'ijj{x) = {Ax, x) + a, for x G M”. (12) 


Now we can prove the following functional affine isoperimetric inequalities, which provide upper 
bound (lower bound, respectively) for the general Orlicz affine and geominimal surface areas for h G $ 
(for /i G T respectively). For convenience, let 


c = 




and c = 


( IjF,!) 
V^(TO o V’,V’) 


J{F2 0'tP*,ip* 

Theorem 3. Let Ti, F 2 : M —(0, 00 ) be measurable functions such that 0 < I{F, 1) < 00 . Let G Co- 


(i) For /i G one has, 




and if in addition both F 2 of}* and F'(-!^) are log-concave, 


2 

Qorlicz 


If in addition F is strictly decreasing, equality holds if and only if Fi, F 2 , F,fj satisfy formula Ol¬ 
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(a) For /i G $ being a decreasing function, one has, 




/7^ - II - 112 

orlicz I ^ II 
h,F,F 


and if in addition both F 2 o fj* and are log-concave, 


/^orlicz 

^h,Fi,F2 


W < G' 


orlicz 

h,F,F 



The above inequalities hold for h € ^ with “ <” replaced by “ >”. 

Moreover, if h G ^ is strictly decreasing (orhG'^ is strictly increasing) and F is strictly decreasing, 
equality holds if and only if Fi,F 2 ,F, if satisfy formula m- 


Proof, (i). First, /(F 2 o = c ^I{F, 1) = I{F,c) by formula ([8]). Inequality (fTOl) implies 

I{F,o < c^ . I{F,1) = I{F,c-^). 

Proposition [T] implies that for all /i G 




{VFy 


I{F2oy*,y* 


< I{F,c-y-h 


iVFy 


^—2n 


I{F, 




(13) 


and hence the desired result follows from Corollary [T] 

Now let us characterize the condition for equality. First, assume that Fi,F 2 ,F,yi satisfy formula 
(fTT|) . Letting A = T*T and z = V^Ty, one has. 


l{F{{Ax,x))) = [ 
Jm.’ 


||V 2 r, 




2 ^ y/2^ ■ detA, 

Similar to the proof of Corollary [H one can show that 

^orlicz 




VF^detA 


astyyrM = b-l{F{{Ax,x)))-h 


b ■ {VFy 


b-IiF,l) 


• h 


2” • det^ • I[F{{Ax, x))) 

b ■ 


y 2 ^ ■ detA V \/2"' • detA • I (F, l) 

For y>{x) = {Ax,x) + a, one has y*{y) = \{A~^y,y) — a and hence. 


i{F2oyyr) = 


-f 




HF.l) 


I{F 2 oy*,y*) V2’^ • detA’ 


(14) 
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Corollary [U formula ([8|) and formula (|14l) imply that if Fi,F 2 ,F,'t{j satisfy formula (|lip . 


as 


orlicz 


h,F,F\ 2 . c 2 


= IiF,c-^)-hi- 




= c^I{F,l)-h 
b-I{F,l) 


g- 2 n . I(F,C-y 

(V^r 


■ h 


b ■ {V^y 


\/2"- • detA ^\/2” • det^ • I{F, 1) 


On the other hand, if F is strictly decreasing, then equality holds in (ll.Sp only if equality holds 
in inequality m- That is, Fi, F 2 , Fjijj satisfy formula (HD- Hence, we have verified the desired 
characterization of equality in (i). 


(ii). By inequality (jlOp . one can check that /(T 2 o tp*< F^I{F, 1). Proposition [T] implies that for 
all decreasing h G 


asyyypyy)<i{F,op;,^i;).h 


{V^y 


I{F2 oip*^pj*) 


< I{F, c) ■ h 


{V^y 


o 2 n 


I{F,c) 


and hence the desired result follows from Corollary [H The characterization of equality follows along 
the same lines as in (i). 

The desired results for Gy^ypyip) follow along the same lines. The additional assumptions that 

w II iP I—1 I—1 

both F 2 o Ip* and are log-concave are needed in order to use Proposition [1] and Corollary [TJ □ 


The following result follows immediately from Theorem [3] by letting Fi{t) = F 2 {t) = e~^. These 
affine isoperimetric inequalities state that the maximum (minimum, respectively) of and 

Q(^hcz^j!'^ for /i G $ (for /i G T, respectively) attain at (and only at) the Gaussian functions. 

Corollary 2. Let ip G Cq and f = e“'^. 

(i) For /i G one has, 

asf^'^yf) < Gr*“(/) < Gr*-(exp(- ^ • [/(D]")). 

Equality holds if and only if ip satisfies formula ^TE) . 

(ii) For decreasing h G one has, 

asf^^yf) < < Gf*“(exp (- 7r|| • f • [/(/)]■")). 

The above inequality holds for /i G T with “ < ” replaced by “ > 

If h G ^ is strictly decreasing (or h G is strictly increasing), equality holds if and only if ip satisfies 
formula [TE) . 
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We now establish cyclic inequalities for the general Orlicz affine and geominimal surface areas of 
convex functions. Assume that the function hi always has inverse and \ei H = ho h'^^. Moreover, 
if(0) and H{oo) are dehned by the limit of H{t) as t ^ 0 and t —)• oo respectively (could be a hnite 
number or oo, if exist). Note that if h~^ and h^^ both exist, then condition (a) is equivalent to condition 
(d); and condition (c) is equivalent to condition (f) if in addition H is increasing. 

Theorem 4. Let Fi,F 2 : M —)• (0, oo) be measurable functions and £ C. 

(i) Assume one of the following conditions: (a) h £ ^ and /ii G 4' with H increasing; (b) h,hi G 

with H decreasing; (c) H concave increasing with either /i,/ii G or h,hi £ 4'. Then 

I{Fioif^f))~ \I{FiO'ij;,'ip) )' 

(ii) Assume one of the following conditions: (d) h £ ^ and hi £ ^ with H increasing; (e) H convex 

decreasing with one in 4> and the other one in 4'; (f) H convex increasing with either h,hi £ 4> or 

/i, /i 2 G 4'. Then 

The same inequalities also hold for the general Orlicz geominimal surface area of convex functions, 
if in addition F 20 ip* £ in conditions (a), (b) and (d). 

Remark. In particular, the above inequalities hold for asff^''^^{f) and as long as correspond¬ 

ing conditions are verihed. 

Proof. For completeness, we include a brief proof, which is similar to that of Theorem 3.1 in [36]. Results 
for conditions (a), (b) and (d) follow immediately from Proposition [1] and the monotonicity of H. Results 
for conditions (c), (e) and (f) hold by the combination of Jensen’s inequality, the monotonicity of H, 
and Dehnition[3l Here, as an example, we show the case for condition (c) and omit the proofs for other 
cases. Jensen’s inequality to the concave function H implies 

Vh,Fi,F2{'f’,a) ^ Vfei.Fi,F2(V’;g) \ 

I{FiO'ijj,'ij;) - \ I{FiO'ijj,'ij;) )' 

As H is increasing and h,hi G then 

: g£F^, with 1 ( 5 , V’*) = 

^^i{9,r) = {V^r}) 

The case h,hi G 4^ follows similarly with “ inf ” replaced by “ sup”. □ 


^^h,Fi,F2\V) _ 

I{Fio'ip,il:) 

< H 


= H 


(inf • 




as'i. 


I{T 
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2.4 The general Lp geominimal surface area for convex functions and a Santalo type 
inequality 

Theorem [T] and Definition [3] yield that 

aSp,Fi,F2W = (v^)^ ^ 

with h{t) = for —n 7 ^ p £ M. Its properties have been discussed in e.g. |1UI lllj . 

In this subsection, we briefly discuss properties for the general Lp geominimal surface areas of convex 
functions for —n 7 ^ p G M. Taking Theorem [1] into account, it is more natural to define the general Lp 
geominimal surface areas of convex functions as 

Gp,F„F2w = ^ 

with h{t) = for —n 7 ^ p G M. 

Definition 4. For p > 0, define the general Lp geominimal surface area of ip £ C by 

Gp,FuF2i'ip) = inf |Dp,Fi,F2('i/’,5)^ ; 

while for —n p <0, G'p,Fi,F 2 (V’) defined similarly but with “inf” replaced by “sup”. 

In particular, the Lp geominimal surface area of f = e~^ can be defined as 

Gpif) = Gp,e-‘,e-‘('0)- 

Results in subsections l2.2l and l2.3l can be modified accordingly to Gp,Fi,F 2 (' 0 ) nnd Gp{f). For instance, 
Gp,Fi,F 2 {'P’) is S'T±(n)-invariant. Moreover, for T G GL{n), 

p — n 

Gp,Fi,F 2 {fi’ ° T) = |det(r)|p+'‘ • Gp,Fi,F 2 (V')- 
It also has the homogeneous degree , i.e.. 


n{p — n) 

Gp,Fi,F2{i’ O A) = |A| P+'* • Gp^Fi,F2i'lp), 
where (ip o A)(x) = ip{\x) for A G M and a; G M"". 

II l|2 V 

Let F: M —)• (0,oo) satisfy that is log-concave and 0 < I{F,1) < 00 . Corollary [T] implies 

that for — n 7 ^ p G M and c > 0 a constant, 

11 • 11^ \ n(p —n) 

—-—j = c -+p -I{F, 1 ), (15) 

n{p — n) _ 

and in particular Gp{yn o c) = c (v^)^. 

A direct consequence of Proposition [1] is the following result. Similar inequalities were obtained in 

mm- 
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Proposition 2. Let ip ^ C. If F 2 o ip* ^ Fip*, then for p G (0,oo) and f = e , 

n p 

Gp,FuF2W < [l{Fi o Ip,Ip)] "+P • [I{F2 o Ip*,Ip*)] "+p, 

n p 

Gpif) < [/(/)]"+-• [/(r)]-+-. 

Similar inequalities hold for p G (— 00 , —n) U (—n, 0) with “ < ” replaced by “ > 

Immediately from Theorem [31 one has the following functional Lp affine isoperimetric inequalities. 

Theorem 5. Let Fi,F 2 '. K —>• (0, 00 ) he measurable functions and ip £ Cq such that F 201 P* and 
are log-concave. Assume that 0 < I{F, 1) < 00 . 

(i) Let p > 0. Then, 


p—n n—p 

Gp,Fi,F2{'^) ^ f f I{F2 o 1p*,1p*) \ 1+^ f I{Fioip,ip) \ ^ I 

Cp.f.Fff) ^ 'Ti) ^ > 

(a) Let p ^ (—n,0). Then, 

n — p 

Gp,Fi,F2{'lp) y ( I{Fx oip,1p) \ ^ 

(Hi) Let p < —n. Then, 

p — n 

gp.Fi.FaW ^ / I{F2 o 1p*,1p*) '\ FFi 

If F is strictly decreasing, equality holds in each case if and only if ip, F, Fi and F 2 satisfy formula m- 


In particular, for the Lp geominimal surface area of log-concave functions, one has the following 
functional Lp affine isoperimetric inequality. Similar inequalities were obtained in nnmi]. 

Corollary 3. Let ip ^ Cq and f = e~^. 


(i) Let p > 0. Then, 


Gpif) 

Gpi^n) 


< min 





(a) Let p ^ {—n,0). Then, 

Gpif) ^ 

Gpijn) ~ \Iiln)) 


(Hi) Let p < —n. Then, 

p — n 

Gpif) ^ (iin\i^ 

Gpiln) ~ \Iiln)) 


Equality holds in each case if and only if ip satisfies formula ifTH) . 


In the following theorem, we provide a Santalo type inequality for the general Lp geominimal surface 
area of convex functions. It is a generalization of inequality (1101) . 
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Theorem 6. Let Fi,F 2 : M —>• (0, oo) be measurable functions and i/j € Cq such that Fi oif, F 20 if* and 
-^(■^2 ) log-concave. Assume that 0 < I{F, 1) < 00 . Then, for p > 0, 


Gp,Fi,F2W ■ Gp,F2,Fi{lf*) < 


G 


p,F,F 


. I|2 m2 


If F is strictly decreasing, equality holds if and only ifif,F,Fi and F 2 satisfy formula m- 
Proof. For p > 0, by Proposition [2] and inequality (1101) . one has, 

< moiP,lf).I{F2 0lP*,lf*) 

. I|2m2 


< [nF,w = 


G 


p,F,F 


where the last equality follows from formula (IlSp . The characterization of equality follows along the 
same lines as in Theorem [3l □ 

More generally, if /i £ such that h{t)h{s) < [h{r)]‘^ for all r, > 0 satisfying st > r^, then 

I|2m2 




orlicz 


as 


orlicz 

h,F,F 


and if in addition Fi o if, F 2 o if* and are log-concave, 

gzM:f2W • < 


/^orlicz 

^h,F,F 


2m2 


Moreover, the following Santalo type inequality for log-concave functions holds. These results extend 
the functional Blaschke-Santalo and inverse Santalo inequality laiainKiiiiiTKiH]. Similar inequalities 
were obtained in mm 

Corollary 4. Let if ^ Cq and f = e~^. 

(i) For p £ (0, 00 ), the following inequality holds, with equality if and only if if satisfies formula [TB) . 

Gp{f)-Gp{n<[Gp{jn)]" = {2Fr. 

(a) For p £ (— 00 , —n) U (—n, 0), there is a universal constant G > 0, such that, 

Gp{f)-Gp{n>G^-[Gp{jn)Y. 

Proof. The part (i) follows immediately from Theorem O Now let p £ (— 00 , —n) U (—n, 0). By Propo¬ 
sition [51 one has, 

Gpif) • Gpin > /(/) • lin > G^ • (27r)- = C- • [Gp(7n)]^ 

where the second inequality follows from the functional inverse Santalo inequality [IlllIT]. □ 
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Remark. Let /i G $ be such that h{t)h{s) < [h{r)]‘^ for all r, s,t > 0 satisfying st > then 

while, if h G 'h satisfying h(t)h{s) > A ■ [/i(r)]^ for some constant ^4 > 0 and for all r,s,t > 0 satisfying 
st > r'^, then, there is a universal constant G > 0, such that 


3 


Orlicz affine and geominimal surface areas for s-concave functions 


Let s G (0,oo). A nonnegative function / is s-concave if is concave on its support [7], that is, for all 

A G [0,1] and for all x,y £ M” such that f{x) > 0 and f{y) > 0, one has, 

/((I - X)x + Xy) > ((1 - X)fixr + Xfiyyf^ 


The support set of / is Sj := {x : /(x) > 0}. Note that Sf is a convex set in M"'. Throughout this 
section, assume that 5*/ is open and bounded with 0 G M” in the interior of S'/, and lima;-,.^^^ f{x) = 0 
where dSj is the boundary of Sj. Let Cg be the collection of all upper semi-continuous s-concave 
functions whose supports satisfy above assumptions. Define the function tp on Sf hy 


ip{x) = 


I-r{x) 


77 


f{x) = (l — S'0(x)) ®, yx £ Sf. 


(16) 


Note that ip is well defined and is convex on 5/. Moreover, 1 — sip = > 0 and hence ip{x) < ^ for 

all x £ Sf. In the later context, the pair of functions {f,ip) refers to f £ Cg and its associated convex 
function ip by formula (jl6[) . The following dual function ip*^^^ for convex function ip is crucial in this 
section: 


V’fs)(y) = sup 

x&S; 


{x,y) - ip{x) 
1 — sip{x) 


(17) 


It is easily checked that ip*^-^ is convex and (V'*^))^^) = V’ ull f £ Cg. With the help of oue can 
define the (s)-Legendre dual of f £ Cg by 


f(s)iy) = (1 - Vy G 5/0^ = {y:l- sV’*,)(y) > O}. 

Equivalently (which coincides with the definition introduced in [21ll]), by letting o+ = max{a, 0}, 


f{s)iy) 



x£Sf 


s{x,y))+]^^" 

fix) 


Note that is s-concave and upper semi-continuous. Moreover, (/^°^)^^^ = / and Sfo^ = ^SJ where 

Sf = {z: {x, z) < 1 for all x £ Sf}. 

Throughout this section, let X.f, C S'/ be such that 

= lx £ Sf : X'^ip, the Hessian matrix of ip in the sense of Alexandrov, exists and is invertible >. 
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For simplicity, let = 1 + s{x,V'ip{x)) — s'ip{x). The supremum in (fT7t) is attained if x G S'/ and 

1 - s{x,y) 


y = 

This leads to {x,y) = (x, V'i/’(x)) and 

1 1 — sijj{x) 




1 


-s'ip*s)(y) ^-s{x,y) 


= 1 + s{x, V'0(x)) — S' 4 >{x) = ljj{x). 


That is, the supremum in (fT71) is attained if x G S/ and y = = T^(x). Moreover, 

dy = 


/.o _ {x,y)-^{x) 


(V^(x)) 


ii(x) 

detV^V'(x) dx. 


l-s'iPix) , . 


(18) 


(19) 


See [TO] for details. Similar to the proof of Theorem 4 in [TO], for an integrable function g defined on 
, one has. 


Is{g,ip*s)) = [ 9iy)dy=f g(T^{x)) ■ 

'j X„l.* 'J Xoh 




(1 — sV'(x)) • detV^'0(3;) 

(^(x))"+i 


dx. 


( 20 ) 


3.1 Definition and Properties 

Let h : (0, oo) —>■ (0, oo) be a continuous function. For simplicity, let be the set of all positive 
integrable functions defined on i.e., for all g G one has g{y) > 0 for all y G X.^* ^ and 

0 < Is{g,'ip*g^) < oo. Let (/, "0) be the pair given by formula (fTOjl and / G C<j. 

(s) _ 1 _ 

Definition 5. The Orlicz Lj^ -mixed integral of if: and g G Jv* defined by 

yh\i’^9) = [ dL{T^{x)){^{x))^^~^\l - sipix))] ■ ^(x) ■ (1 - st/>(x))(^"^) dx. 

J 


It can be proved, similar to the proof of Lemma [H that for all T G SL±(n), one has, 

vl^\^foT,goT-^) = V^^\^|;,g). 

We write Vp^\if,g) for the case h{t) = fP/” with —n / p G M. 

The following definition for the Lp affine surface area of s-concave functions was given in m- 

Definition 6. Let s > 0 and the pair (/, fj) be given by formula il6\) . For any —n 7 ^ p G M, the Lp 
affine surface area of the s-concave function f is defined by 


as 


(^)(V^) = 


1 


(1 —s'0(x))^® (detV^'i/’(3^)) 


1 + ns 




{'ipix))' 




dx. 
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The following theorem provides a new formula for as^\ip). 

Theorem 7. Let s > 0 and the pair (/,'?/') given by formula <I75)) with f G Cg. Assume that if is a 
strictly convex function. For p > 0, one has 

i + ns ' J 

while for —n 7 ^ p < 0 , the above formula holds with “inf” replaced by “sup”. 


Proof. We only prove the case for p > 0 and the case for —n^p<0 follows similarly by the (reverse) 
Holder’s inequality. It is clear that for p = 0 and for all g G (see m for details), 

VQ^\'ilj,g)= f {1 — s'iIj{x))^ = ~^^ ip{x) dx = {1 + ns) ■ asQ\'ip). 

J X.^ 

Let p G (0,oo) and thus G (0,1). Holder’s inequality implies that for all function g G 




1 


1 + ns Jx,, 


( g ^ M // 

-ITTT ■ ^W “ sf;{x))^ s ) 

Kiibix))^!! — .sih(x)) J 


9{T^{x)) 


.{'ll’{x))^‘> — S'l/;{x)) 

(1 — sijj{x)) ■ detV^'0(x) 


n+p 


n+p 


dx 


{^p{x))^+^ 

1 ( \ n p 

1 + ns ^ ^ ' 

Taking the infimum over all g G one gets, for all p G (0, 00 ), 

Let go be the function given by 

(1 — S'0(x))^ • ('0(x))^”^^~’^^"^ \ "+p 


go{T^ix)) = 


deW^'ijj{x) 

Then /^(po,V’fs)) = (1 + ns)asp\ip) = Vp^\'4),go) (see also Theorem 4 in [10]) and 


Thus the desired result follows. 


Now let us find an explicit expression for go. Recall that (V’*^))*^) = V’j which implies T.^p o T^* ^ = Id 


and T.^* ^ oT.^ = Id. Hence, for x G X.^ and y = T.^{x), one has 


det {da;TY ■ det (dyT.^*^^) = 1 . 


( 21 ) 
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( 22 ) 


Moreover, for x G and y = T^{x), equation (fT8]l implies 

1 _ 1 („) - X) and ^_^ = l + .((Vd'*.,fe),!,)-d-(,)fe)) = ^i:;(!/). 

(sj ^ 

Combining (fT^ with (12X1) . one gets 


detV'^^p{x 

Thus, if y = T^{x), then 

9o{y) = 


1 


\ n-\-2 




detV 


Vf.)(y) = 1. 




(1 + s (V(y), y) - sV’*,) (y)) ^ 


(—- + — —nix ” 

'• .<? 71. \ _ 1 _ 


(1 - sV'^^)(y))(n D 


n+p 


(detV2^/;^^)(y))"+r. 


□ 


For s > 0, let ks{x) = [(l — s|| ®lP)+] ■ Note that ks{-) is the special function which plays the role 

of the unit “Euclidean ball” in s-concave functions, that is, (fcs)°^) = ks (see e.g., [3]). We also let 


L 


{a;GR":||x||<s-l/2} 


ks{x) dx = 


TT 


t r(i + ^ 


r(i + i + ^) 


= : UJr, 


Motivated by Theorem[71 we now propose the following definition for the Orlicz affine and geominimal 
surface areas for s-concave functions. Let Cg,* C be the subset containing all log-concave functions. 


Definition 7. Let he the pair given by formula fid}) with / G Cg. For /i G the Orlicz 

affine surface area of if is defined by 

“W = inf {v';f'*^(V',y) : g G with ^(y, = (1 -h ns) ■ , 

and the Orlicz geominimal surface area of 'f is defined by 


0) 


G 


orlicz 
h,s 


'“(V') = inf : g e Gs,* with Is{g,'f*^)) = (1 + ns) • • 


When /i G 'L, the Orlicz L)^ affine and geominimal surface areas of if are defined as above with “inf’ 
replaced by “sup”. 


One can easily see that both {if) and Gf[^f^^{ip) are S'L±(n)-invariant in the same fashion of 

Theorem [2j It is clear that asff^f^^{if) < G°jf^f^^{if) for /i G ‘h and asff^f^^{if) > G^^f^^{if) for /i G 'h. 

Hereafter, for a constant c > 0, let £f{x) = i+) ^ . it can be checked that {£f)* = 

The function £f. is associated to the s-concave function k^g{x) = [( 1 — sc^||a:|p)+] by identity (flBI) . 
Note that Xs^ = {x : ||x|| < and = {y : ||y|| < Moreover, 

h{K)=l kf{x)dx = C~'^ ■ UJn,s. 

JXfS 

‘'C 
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Applying identity (IMl) (which will be stated in the next subsection and was proved in [TO]) to function 
£^, one has, 


{1 + ns) ■ Is{kg) = f £^{x) ■ [l — s£^{x))^‘’ dx = f (l —sc“||x 
JXf-S Jx^s 


2ll^ll2\iL 1 ) 


(23) 


The following corollary provides a precise value for the Orlicz affine and geominimal surface areas of k 
Corollary 5. Let c> 0 be a constant. For all h £ 

"(^c) = (1 + ns) ■ Is{k'^,) • h{c-^) = (1 + ns) • • h{c-^), 

p 2 1 (^-1) 

and if in addition (l — ° is a log-concave function (which holds if s < 1/2), 

G/:!r{£/) = (1 + ns) • Is{kf) • h{c-^) = (1 + ns) • c”" • • h{c-^). 

Proof. Note that V£/{x) = - -(l — s£l{x)') = [(1 — sc^||x|p)+] Moreover, 

for X e X£s , 


[(l-.c2||x|P)+]‘ 

S/ix) = 1 + s{x,V£/{x)) -s£/{x) = [(1 - sc^llxf 


^ Vgc(^) ^ 2 

Applying Jensen’s inequality to the convex function h (as /i G <h) and by formula (|23l) . one has. 


which leads to Ts^ (x) = = c"x 


y^'\£c,9) = 


h(^ 9 iTsiix))i£/ix))^' i)(i _ s£:^^(x))) • £^{x) ■ (1 - sTc(x))(» dx 


g{c^x) ■ i£/ix))s ■ (1 - s£/{x))- 




(1 + ns) ■ Is{k^) 

9{y) _ 

■ i^ + ns) ■ Isikj) 


dx 


dy 


g2n(l _j_ J 


JXss 

> (1 + ns) ■ Isikg) ■ h 
= (1 + ns) ■ Is{ks) ■ h 


= {l+ns) ■ Is{k/,) ■ h\ 

This leads to, for all h G <1>, 

= inf ^lf\£/,,g) : g G with Is{g, -0*^)) = (1 + ns) ■ 
> (1 + ns) •/s(fcs) • h(c“”). 

On the other hand, 

< vpUi.c-" 


1 - 


0 “ / +J 


(^-1) 


= (1 + ns) ■ Is{kf) ■ h{c "), 


where we have used identity (f23|) 




1 - 


S X 


1(^-1) 


dx = ■ UJn,s • (1 + n.s). 
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Hence, the desired formula follows. Along the same lines, one gets the desired formula for /i G 'h. 

The proof of the geominimal case follows along the same lines if [(l — )^] is a log-concave 

function (holds if s < 1/2). This additional condition implies 


oJTf'K) < h*' 





(1 + ns) • Is{K) ■ h{c ”), 


which provides the necessary upper bound for 


□ 


Remark. As one would expect, Corollary [5] becomes Corollary [T] if s goes to 0. Note that, when 
s > 1/2, the function [(l — is not log-concave (in fact log-convex). Hence, for h G $ and 

s > 1/2, one only has 

{£!)>{! +ns) ■Is{K)-h{c-n. 

This inequality holds for h G T and s > 1/2 with “>” replaced by “<”. 


3.2 Inequalities 

In this subsection, we have additional assumptions for the s-concave function /, that is, / is twice 
continuous differentiable on S'/, detV^/ / 0 on S/, limj;-).^^^ = 0 and 0 G S/. The collection of all 

s-concave functions in Cg with the above addition conditions will be denoted by . These assumptions 
imply that = 5'/ and ^ = Sf° y Moreover, as showed in [TO], for f £ Cg, 

{1 +ns) ■!{/)= f (1 — s'ijj{x))^ = ~^^'ipix) dx. (24) 

Jx^ 

Consider the function gi as follows: 

9i{y) = • (i + «(vV’*.)(i/),y) -sV’*.)(y))- (25) 

Let y = T^{x). By formula ([22]) . one has, 

gi{T^{x)) = {i){x))^^~^\l - s'ip{x))~^. 

By formulas (|20[) and (I24p . one has, (see also Theorem 4 in [lOj ) 

^(51,V’*^)) = [ (1 - • (1 + 'S(VV’*s)(y)>y) - siJ*g){y))dy = (1 -bns) • T(/(°)). 

J X^-k 

^(s) 

The following result will be crucial in this subsection. Let gi be as in formula (|25|) . 

Proposition 3. Let (/, ip) with f £ Cg be the pair given by formula /116\} . Then, for all h £ ^, 

asz!r{i>) < (1 +««) • HI) ■ >‘(j^)- 
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and if in addition gi is log-concave, then 


Gzfrw < ( 1 +• Hf) • ^( 7 ^) ’ 


Similar inequalities hold for h £ ^ with “ < ” replaced by “ > 


Proof. We only prove the case for h £ ^ and the proof for h £ ^ follows along the same line. Let gi be 
as in formula (|25p . In fact, for h £ ^, 


asffi^^^i'ip) = inf : 9 £ with Isig,^^*,,^) = (1 + ns) • 

< 




(s) 


h 




Ql ‘ ^n,s 


HL 


(s)> 


= (1 + ns) • /(/) • h 


Ur, 




The results for {if) follows along the same lines if the additional assumption on gi is satisfied. □ 


Proposition [3] becomes Proposition [T] if s —)• 0. Moreover, the following cyclic inequalities for 
{f)) and {if) hold whose proofs are similar to that for Theorem 01 In fact. Theorem [8] 

leads to Theorem 0] if s —0. 

Theorem 8. Let (/, V') be the pair given by [TSD such that f £ Cg. Let gi be as in formula Il5l) . 

(i) Assume one of the following conditions: (a) h £ ^ and /ii G T with H increasing; (b) h,hi £ ^ 

with H decreasing; (c) H concave increasing with either h,hi G or h,hi £ T. Then 

(l + ns)-/(/) “ V(1+ ns) •/(/)y ■ 

(a) Assume one of the following conditions: (d) h G T and hi £ ^ with H increasing; (e) H convex 

decreasing with one in and the other one in T; (f) H convex increasing with either h,hi G or 

h, /ii G T. Then 

(l + ns)-/(/) “ V(1+ ns) •/(/)y ■ 

The same inequalities also hold for the Orlicz geominimal surface area, if in addition gi £ in 
conditions (a), (b) and (d). 


Let f £ Cs and fz{x) = (l — s'ip{x + zf) ® for z G M”. Let denote the (s)-Legendre dual of fz- 

As proved in MM, there exists zq £ such that 

I{U • liifzo)U) ^ [(1 - "11^11')+] ^dx'^ = K.)'. (26) 

Equality holds in (|26ll if and only if there is a positive definite matrix A and a positive constant c, such 
that fzoix) = c • [(1 - s\\A x|p)_i_] . For simplicity, let Cs’^ be the collection of all s-concave functions 
in Cg such that zq = 0. 
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Let Cs and Cg be constants defined by 




^n,s 


n 


and Cs 



n 


Theorem 9. Let be the pair given by formula ilb]) with f G Cg’^- 

(i) Assume that 0 < Cg < oo. Then, for /i G d>, 


as 


orlicz 

h,s 


w < 




(a) Assume that 0 < Cg < oo. Then, for h G ^ be decreasing. 

The above inequality holds for /i G 'L with “ < ” replaced by “ 

There is an equality in (i) and in (ii) if h £ ^ is strictly decreasing (or h £ ^ is strictly increasing) 
if and only if f{x) = c[(l - s|| Axf )_^ ] ^ for some c > 0 and some positive definite matrix A. 


Proof, (i). By inequality (l26l) . one can check that /(/) < ujn,s • Together with Proposition [3l one 
has, for all /i G 


< {l + ns)-I{f)-h 


UJr. 


Jifis)) 

< {1 + ns) ■ U}n,s ■ ■ h{cf'^) 


= as 


^orlicz ( CS 


h,s 


K). 


where the last equality is due to Corollary [5l Equality holds in the above inequalities only if equality 
holds in inequality (IMl) . That is, f{x) = c[(l — s||Ax|p)_|_] . 

On the other hand, assume that f{x) = c[(l — ■ Then, equality holds in (1261) . Identity 

implies that 

C _ /(/) _ ^if) ' ^{f{s)) _ UJn,s 


detA UJn,s Wn,s-L(/°^) ^(/(°)) 


" = C-” 


Let ipo = Then 

Vipoix) = 

Hence, T.^q{x) = A'^x, and 


c® • A^x 


-^ and ifoix) = - 

[(l-SpXp) ] / [(l-sPx||2) ] / 




h(^g{A^x) ■ c- \{l — s\\Ax\\^) ^ 2 s ^ dx. 


I {x:\\Ax\\<s-^/'2} 
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and then 


Similar to the proof of Corollary^ let g{A^x) = (det^) ^ [(l — s||Ax|p)_|_] 

-srwo) = +„»).« 

= (1 + ns) • a;„,s • Cg •/i(cs "■) 

= asz!r{£i). 

In conclusion, equality holds if and only if f{x) = c[(l — •s||74x|p)_|_ ] for some constant c > 0 and for 
some positive definite matrix A. 

(ii). By inequality (l26t) . one can check that < ^n,s • (c)”. Together with Proposition [3l one has, 

for all decreasing /i G <I> 

< (1 + ns) ■ W„,S - (cs)“" ■/i((cs)“") 

= astrm, 

where the last equality is due to Corollary [S] 

Similar to the characterization of equality in (i), one can prove that if h is strictly decreasing, 
equality holds in the above inequality if and only if equality holds in inequality (l26]l . that is, f{x) = 
c[(l — s||^x|p)_|_ ] 2'* . 

Similarly, the desired result for /i G T holds if “ < ” is replaced by “ > □ 

Let gi be as in formula (j25|) . If gi is a log-concave function and 0 < < oo, then for /i G $, 

< (1 + »») ■ • Cj” • h(cr). 

Moreover, If gi is a log-concave function and 0 < < oo, for /i G $ being decreasing, 

< (1 + ns) ■ • (c.)-" • h((c,)-); 

while for h G T, the above inequality holds with “ <” replaced by “ >”. These inequalities together 
with Corollary [5] and its remark imply the following result. 

Corollary 6. Let (/, ip) be the pair given by formula 175)) with f G Cs’^ and let gi be log-concave. 

(i) Assume that 0 < Cg < oo. Then, for h G 

(ii) Assume that 0 < Cg < oo. Then, for /i G being decreasing, 

The above inequality holds for /i G T with “ < ” replaced by “ 

If s < 1/2, there is an equality in (i) and in (ii) if h G ^ is strictly decreasing (or /i G T is strictly 

^ ^ 

increasing) if and only if f{x) = c[(l — ■s||Mj;|p)_|_ ] for some constant c > 0 and some positive definite 
matrix A. 

Note that Theorem [9] and Corollary [6] would become Corollary [2] if s goes to zero. 
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3.3 The Lp geominimal surface area of s-concave functions and a Santalo type 
inequality 


The Lp affine surface area of s-concave functions was investigated in [TO]. In this subsection, we will 
briefly discuss the properties for the Lp geominimal surface area of s-concave functions. Taking Theorem 
[3 into account, it is more natural to define Gp\'ip), the Lp geominimal surface area of the s-concave 
function /, for —n 7 ^ p G R, as follows. 


Definition 8. Let given by formula /(16\) with f gCs- For p > 0, define 

1 




inf 

1 - 1 -ns/ geCs,, 






with h{t) = t P/”. For —n fig p <0, G^\fi) is defined similarly but with “inf” replaced by “sup’ 


The results in previous subsections can be modified accordingly to the Lp geominimal surface area. 
In particular, it is £'L±(n)-invariant with homogeneous degree ■ If c > 0 is a constant and s < 1/2, 

Corollary [5] implies that for all —n 7 ^ p G R, 




n(p —n) 


* ^n,S‘ 


Moreover, the remark of Corollary [5] implies that if s > 1/2, then for p > 0, 


aM(s;)> 


n(p — n) 

C ”+r ■UJn,s, 


and for —n 7 ^ p < 0 , 

/ \ n{p — n) 

A direct consequence of Proposition [3] is the following result, which leads to Proposition [2] if s —)■ 0. 
Similar inequalities were obtained in mm- Let gi be as in formula ([25]) . 

Proposition 4. Let (/, "0) be the pair given by formula [Wj) with f G Cg and gi G Ts,*. Then, 

G^;Hfi) < [/(/)]^-[/(/(°))]*, 

for all p >0. Similar inequalities hold for p G (— 00 , —n) U (—n, 0) with “ < ” replaced by “ > ”. 
Suppose that gi and 52 are log-concave with gi as in formula ([25]) and 

g 2 (y) = (1 - sfi(y))^^~^^ ■ (1 -F s{Vfi{y),y) - sfi{y)). 

Proposition m implies that for p > 0, 
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2 0 

while for —n ^ p < 0 the above inequality holds with “ <” replaced by “ >”. If in addition f € Cs’ , 
the following Santalo type inequality for s-concave functions holds: for p > 0, 




Moreover, if s < 1/2, there is an equality if and only if f{x) = c[(l — for some c > 0 and 

positive definite matrix A. 


Immediately from Proposition [J] and inequality (1261) . one has the following functional Lp affine 
isoperimetric inequalities for s-concave functions, which becomes Corollary [3] if s —)■ 0. Similar inequal¬ 
ities were obtained in [lain]. Let gi be as in formula ()25p . 


Corollary 7. Let be the pair given by formula [TSD with f G and gi G Assume that 

0 < /(/) < oo and 0 < < oo. 

(i) Let p > 0. Then, 

Gp (ff) IV ^^^,8 J \^^n,s J j 

(ii) Let p G (—n,0). Then, 

(Hi) Let p < —n. Then, 

Gi"^(ff) “ V ^n,s J 


Moreover, if s < 1/2, there is an equality if and only if f{x) = c[(l — for some c > 0 

and positive definite matrix A. 


4 The general mixed Orlicz affine and geominimal surface areas for 
multiple convex functions 


In this section, we introduce the general mixed Orlicz affine and geominimal surface areas for multiple 
convex functions. We have this notion only for convex functions in this section, but one can introduce 
it for s-concave functions as well along the same lines. 

Let h = {hi,-- ■ ,hm), g = (gi,-- ■ ,gm), = (Ff,F|,- • • ,F^) etc. We say 

h G <!>”* (or h G 'I'™') if each /i* G $ (or /ij G 'I'). Assume that = r\(ILiX^. is a nonempty set. Define 


«/ X 7* •_1 


2 = 1 


giiVifiix)) 


Ff{{x,VilJi{x)) - 'ipi{x)) 


Fhi’iix)) 


dx. 


If = Ip, gi = g, hi = h, F) = Fi, and F/ = F 2 for all 1 < i < m, then Vj^ p 2 {'f’, 9 ) becomes 
y^h,Fi,F2i'4’j 9 ) Definition [2j 
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The general mixed Orlicz affine and geominimal surface areas for multiple convex functions are 
defined as follows. Note that there are many different ways to define mixed Orlicz affine and geominimal 
surface areas, but we only focus on the one introduced below due to high similarity of their properties. 

Definition 9. Let : M —>■ (0, oo) he measurable functions and 'ipi G C for 1 < i < m. For h G ‘h™, 

the general mixed Orlicz affine surface area of is defined by 

e with I{gi,if*) = {V^T, 1 < f < m|, 

and the general mixed Orlicz geominimal surface area of is defined by 

= inf g)-9i^ 1 < i < m| . 

The general mixed Orlicz affine and geominimal surface areas of if for h G T™' are defined similarly 
with “inf” replaced by “sup”. 


As before, one can check that asppF^{p) < for h £ and 

for h G T™'. If F^ = Ff = e“* and V’i S C for 1 < i < m, then /j = F^ o ifi = and F^ o if* = 

e~^i = f° are log-concave functions. Therefore, asp''^^{f), the mixed Orlicz affine surface area of 

f = ifi, ■■ ■ , fm) can be formulated as 


asf *“(/) = ak 


h 


orlicz 






It is a non-homogeneous extension of the mixed Lp affine surface area of log-concave functions m- 
Similarly, one can define Gp^^^if), the mixed Orlicz geominimal surface area of / by 


G 


orlicz 

h 


if) = G 


orlicz 






The general mixed Orlicz affine and geominimal surface areas for multiple convex functions are 
S'L-i-(n)-invariant. That is, for all T G SL±in) and h G U 

(ioT)= as^pj,, {A I'* ° ^ = (-?) 

where p oT = (V’l o T, • • • , fjm o T). In particular, asp^^^if) and Cp^^^^if) are 5L±(n)-invariant. 

A direct consequence of Holder’s inequality is the following Alexander-Fenchel type inequality for the 
general mixed Orlicz affine and geominimal surface areas for multiple convex functions. Note that the 
classical Alexandrov-Fenchel inequality for mixed volumes of convex bodies is one of the key inequalities 
in convex geometry with many applications (see e.g., [30]). 

Theorem 10. Let h G U T™ and Tf, FA M —)• (0, oo) for all 1 < i < m. Then 




< 


n 

k=l 


orlicz 


i'f’k), 


GZrlicz 


< 


IfG: 

k=l 
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1 


Moreover, if h £ one has, for all 1 <r<m — 




< 


n 


k=m—r+l 




G 


orlicz 




< 


n ctrF‘..F« 


k=m—r+l 


where FrkFrk^^r,k o,nd ffr,k ore defined similarly with the following form: for 1 < r < m — 1 and 
m - r < k <m, hr^k = {hi,h 2 ,--- ,hm-r,hk,--- ,hk). 


For 1 < i < m, let 


Ci = 


mA) 




and Ci = 


I{Fi,l) Y 


I{Fl o'ijji,'i/ji] 


where, for Ff, F" : M —>• (0, oo), the decreasing function Fj : M —)■ (0, oo) is defined by 


m= sup JFl{G)Ff{t2). 

h+h.- 


The following functional isoperimetric inequality is a direct consequence of Theorems [3] and fTOl 
Corollary 8. Let i/ji S Cq and F^,Ff : M —>■ (0, oo) he such that 0 < /(Fj, 1) < oo for all 1 < i < m. 
(i) Let h£^^. // 0 < L{F^ o V’i, V’D < oo for all 1 < i < m, one has, 

l|2. 




— n 

i=l 


^orlicz 


hi,Fi,Fi\2 . ^ J' 


and if in addition Fr o if* and Fj(-lf^) are log-concave for all 1 < i < m. 




< 


riG 

2=1 


orlicz 

hi,Fi,Fi 


2 • ci 


(a) Let h G with each hi being decreasing. If 0 < /(Ff o ifi, ifi) < oo for all 1 < i < m, one has 

■ tH II l|2s 




— n 

2=1 


orlicz 

hi,Fi,Fi 


and if in addition F~ o iff and Fi(-l^) are log-concave for all 1 < i < m. 




< 


. II . ||2 

-lorlicz (F 
^hi.Fi.Fi 


n^; 

2=1 
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In a similar manner, one can define the i-ih. general mixed Orlicz affine and geominimal surface 
areas for two convex functions. Hereafter, let vectors and F'^ be as above, but with only 2 

coordinates. Assume that n X^^ is a nonempty set. Dehne 




IXj 


giiXipiix)) 


Fli'iPiix)) 


g2(yijj2ix)) 

Fi{{x,Xi(j2ix)) - iJ2ix)) 


F2{Mx)) 


dx. 


We can dehne the i-th general mixed Orlicz affine and geominimal surface areas for ijj as follows. 

Definition 10. Let ipi £ C and Ff^Ff-. M —)• (0, 00 ) he measurable functions for i = 1,2. For h G <I>^, 
define the i-th general mixed Orlicz affine surface area for fit by 

{^h,i,FhF2iZ,9) ■■ 9i G with I{gi,fil) = 1 ( 92 , , 

and define the i-th general mixed Orlicz geominimal surface area for by 

{\i,F\F^^Z:9) ■ 9i G with I{gi,fil) = 1 ( 92 , 1 P 2 ) = (v^)”} • 

For h G pfiZ) ctnd pfiZ) can be defined similarly, with “inf” replaced by “sup”. 


Let i < j < k. For hi, /i 2 G 'L, Holder’s inequality implies 




k—i 


< 




k-j r 






This inequality (with i = 0 and k = n) together with Thoerem [3] imply, for instance, the following 
isoperimetric inequality: for 0 < j < n, 


as 


orlicz 


W]" < 


as 


orlicz 

h\,Fi,Fi 



n-j 


as 


orlicz 

^ 2 X 2^2 



if h,F^,F'^ and if satisfy the same conditions as those for part (i) in Corollary [8l while if they satisfy 
the same conditions as those for part (ii) in Corollary [U then 


as 


^orlicz 




izr < 


as 


orlicz 

hi,Fi,F\ 



n-j 


as 


orlicz 

h2,F2,F2 




Similar inequalities hold for GF^.^'F^ p 2 ^'^) long as corresponding conditions verified. 
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